Abstract -The introduction of renewable energy sources into the AC grid can change and weaken the strength of the grid, which will in turn affect the stability and robustness of the doubly-fed induction generator (DFIG) wind farm. When integrated with weak grids, the DFIG wind turbine with vector power control often suffers from poor performance and robustness, while the DFIG wind turbine with synchronized control provides better stability. This paper investigates the critical short circuit ratios of DFIG wind turbine with vector power control and synchronized control, to analyze the stability boundary of the DFIG wind turbine. Frequency domain methods based on sensitivity and complementary sensitivity of transfer matrix are used to investigate the stability boundary conditions. The critical capacity of DFIG wind farm with conventional vector power control at a certain point of common coupling (PCC) is obtained and is further increased by employing synchronized control properly. The stability boundary is validated by electromagnetic transient simulation of an offshore wind farm connected to a real regional grid.
Introduction
The integration of large numbers of renewable energy sources will change the strength of AC grid and make the grid weak, which is characterized by low short circuit ratio (SCR) or low inertia [1] . SCR is closely related to voltage stability, so the lower the SCR of a wind farm at the PCC, the more sensitive the voltage fluctuation will be. That will lead to instability and cause wind turbines to trip leading to deterioration in grid stability [2] , especially in regions like the Northwest China where there is a large concentration of wind farms connected to a relatively weak power grid [3, 4] . Hence, with increasing numbers of offshore wind farms under planning and construction in East China, it is necessary to investigate the stability mechanism of wind farms connected to weak grids.
The vector power control is widely adopted in wind farms. The principle of vector power control is to utilize the phase lock loop (PLL) to track the angle of grid voltage or stator flux. The angle produced by PLL is used as the Park transform angle to decouple active power and reactive power control [5] . However, the vector power control is based on the assumption of a strong AC grid, and its robustness and performance are dependent on the accuracy and responsiveness of PLL [6] . When the grid is strong, wind farms with vector power control will enjoy robustness and good performance, and track the power reference quickly and precisely.
When the grid is weakened to a certain extent, the PLL will be unable to detect the violent change of grid angle induced by disturbances timely. Thereby, the error of PLL will make it hard to decouple active power and reactive power control, and even cause instability and tripping of the wind turbine if the disturbance is big enough. In time domain eigenvalue analysis, it is also discovered that the damping of oscillation modes related to PLL is weakened with lower SCR [7, 8] . In the weak grid with low SCR, the complex dynamics of terminal voltage may destabilize PLL leading to instability within the DFIG system [9] . Consequently, the robustness and performance of the wind turbine are bound up with the SCR of the wind turbine terminal. The robustness and performance of the DFIG wind farm are good with high SCR and poor with low SCR. So it is necessary to study the critical SCR of vector power control under which the stability margin is unacceptable. In [10] , the effect of SCR on the static voltage stability is studied. In [11] , the effect of SCR on the dynamic performance of wind turbine is investigated through timedomain simulations. The effect of grid strength on the eigenvalues of the wind turbine is investigated in [12] . However, few pieces of research give the exact critical SCR.
Once the inherent weakness of vector power control is known, effective methods can be applied to solve the problem. The two easiest solutions are enhancing the voltage stability by Static Synchronous Compensator (STATCOM) [13] , [14] and utilizing the free capacity of the wind farm to compensate for the PCC voltage [15] . However, both of the two methods have weaknesses since they are both based on vector power control that will fail under weak grids. As a result of this, synchronized control based on frequency and voltage droop was proposed and has already been applied in the distributed generation [16] of islanded and grid-connected micro-grids [17, 18] . The synchronized control enjoys good robustness and performance in weak grids [19] , but not so good in strong grids [7] . Therefore, it is also necessary to study the critical SCR of the wind farm with synchronized control.
Based on the above considerations, the purpose of this paper is to analyze the critical SCRs of DFIG wind farm with vector power control and with synchronized control respectively. The sensitivity and complementary sensitivity of the transfer matrix in the frequency domain are used to study the quantitative relationship between SCR and DFIG wind farm's robustness and performance. The sensitivity and complementary sensitivity of the wind farm under two control methods are calculated under various SCRs. The critical SCRs are derived from the proposed sensitivity constraints of both the single-input-single-output (SISO) and multi-input-multi-output (MIMO) systems. Finally, the results of frequency domain analysis are validated by electromagnetic transient simulations of an offshore wind farm connected to a real regional power grid in East China.
Modeling and Control of DFIG Wind Farm
In this section, the dynamic models of the wind farm with vector power control and with synchronized control are established respectively. The wind farm model under study is shown in Fig. 1 , where the external grid is simplified as an ideal voltage source. The parameters referred to the model and control are listed in Table 1 .
Mechanical and electrical model of DFIG
The wind turbine is modeled as a two-mass module including the torsion between the high-speed shaft and low-speed shaft. The electromagnetic dynamic behavior of DC capacitor, the equivalent grid inductance, and the grid side converter (GSC) inductance are all modeled in detail.
The DFIG is expressed as the well-known 4 th -order model under the dq rotating axes: 
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The rotating speed of dq axes is obtained from PLL in vector power control. In synchronized control, the rotating speed of dq axes is obtained from the active power droop loop.
Vector power control of rotor side converter
The discussed vector power control is based on stator voltage orientation [20] . The target is to track the active power and reactive power references. The active power reference is obtained from the maximum power point tracking (MPPT) curve, which is in proportion to the cubic of the rotor speed. The reactive power reference is generated to keep the power factor of the whole wind farm constant. The decoupled control of active and reactive power is achieved by detecting the grid voltage via PLL. The rotor side converter (RSC) controller consists of the outer stator power loop and inner rotor current loop. The rotor current reference in dq coordinate is generated by the outer power control loop. A typical PLL is applied in the vector power control. The dynamic behavior of PLL is considered in modeling.
Synchronized control of rotor side converter
The synchronized control of the inverter has been widely Fig. 1 . The topology of the investigated wind farm adopted in the micro-grids with high penetrations of renewable resources, where the system is difficult to control. The purpose of synchronized control is to make the nonsynchronous power electronic sources emulate the synchronous generators to provide functions of frequency control, inertial response and voltage regulation. The synchronized control strategy of DFIG consists of the power droop loop, the excitation current outer loop and the rotor current inner loop [21] , which is shown in Fig. 2 and 
Grid-side converter control
The grid side converter (GSC) control strategies of the DFIG wind turbines are identical under different RSC control methods. The target of GSC is to make the DC voltage as smooth as possible. The control strategy is shown in Fig. 4 . The decoupling of active and reactive power is also fulfilled by voltage orientation. 
Frequency-domain Analysis of Wind Farm
In this section, wind farms with vector power control and synchronized control are both analyzed in the frequency domain. The wind turbine is regarded as a negative feedback control system. The sensitivity and complementary sensitivity are calculated based on the state space equation.
Negative feedback control system and its indexes
The wind turbine is considered as a one-degree-freedom negative feedback control system as shown in Fig. 5 , to analyze the control performance and robustness. K is the controller while G is the transfer function of the controlled object. FP is the transfer function from the outputs to feedback signals and is usually designed as a filter.
The response of the close-loop system can be written as below:
where, T stands for the complementary sensitivity that is the close-loop transfer function from the reference signals to outputs, and S stands for the sensitivity that is the closeloop transfer function from the output disturbances to outputs. S and T can be given as below:
Complementary sensitivity function T can indicate how well the system tracks the reference while sensitivity function S represents the capability of tolerating the disturbance. Under the typical condition, M S (maximum peak values of S) should be less than 2(6db), and M T (maximum peak values of T) should be less than 1.25(2db) [22] . The main difference between a scalar SISO system and an MIMO system is the presence of directions in the latter. The singular value decomposition (SVD) provides a useful way of quantifying multivariable directionality. The sensitivity constrained condition of the SISO system involving the absolute value can be generalized to the MIMO system as below [23] :
where ( ( )) S j s w is the maximum singular value of the matrix S. It should be noted that the constraints on 
Calculation method of S and T for wind turbine
The first step is to build the small signal dynamic model of the wind farm by linearizing the dynamic model on the equilibrium point. The second step is to select the proper reference signals, outputs and control variables to construct the desired feedback control system. Since the GSC control methods are identical, only the stator active and reactive power are selected as the outputs for convenience:
Considering the DFIG wind turbine as a double input and double output system, S and T are represented by 2×2 matrices as shown in (8) and (9) . The diagonal elements of S and T matrices denote the robustness and performance of active and reactive power control respectively, while the off-diagonal elements denote the coupling between active and reactive power. 
By describing the system in the uniform state space equation form of [A,B,C,D], the transfer function of the controlled object G can be derived as:
Both of the outer loops of two control strategies are excluded from the state space equation above, since they are independently modeled as the controller K. The wind turbine, DFIG, GSC, electrical interface equations and inner control loops of RSC are all included in the transfer function matrix of the controlled object G.
The third step is to calculate the corresponding sensitivity and complementary sensitivity. The controller K and control variables u are designed differently in two control strategies.
Vector power control
The control variables of vector power control can be defined as:
The controller K representing the outer stator power control loop is set as:
The feedback process is usually designed as a first order filter. The sensitivity and complementary sensitivity can be calculated by (4)- (5). sp K and sp T are the proportional coefficients and the integration time constant, respectively.
Synchronized control
The control variable u of synchronized control can be defined as:
The controller K that represents the outer stator power droop control loop is set as:
where 0 e w is the initial value of the frequency e w .
Stability Boundaries Analysis
In this section, the stability boundary conditions of the DFIG wind turbine on SCR are derived from the frequency analysis method introduced in the previous section.
S and T values are represented in the frequency range from 10 -2 rad/s to 10 7 rad/s. In terms of S and T analysis, the whole frequency band can be divided into four parts: 1) ultralow frequency band (from 10 -2 rad/s to 10 0 rad/s); 2) low frequency band (from 10 0 rad/s to 10 1 rad/s); 3) middle frequency band (from 10 1 rad/s to 10 2 rad/s); 4) high frequency band (above 10 2 rad/s).
Considering the DFIG wind turbine as a double-input and double-output system, the stability boundary conditions can be defined as below:
1) ( ( ))
S j s w should be smaller than 2 in the whole frequency scope as mentioned in (6); 2) 11 T and 21 T should be less than 1.25(2dB) around the frequency of 1.5Hz to prevent low frequency oscillation stimulated by the wind turbine shaft; 3) the whole elements of the Matrix S should be smaller than 0dB within the ultralow frequency band in order to ensure robustness and stability.
Elements of matrices S and T are represented in dB form. To obtain the stability boundary conditions on SCR, the sensitivity and the complementary sensitivity need to be calculated under various SCRs for both control methods. Only the full load condition is analyzed in this section because it can get the stability boundary condition. In this case, the rotor speed is 1800rpm (1.2.pu), and the active power output is about 100% of rated power under all SCRs. The reactive power output varies according to different SCRs to keep the stator terminal voltage within the acceptable scope.
In the frequency-domain analysis, the power system is simplified as an infinite bus with an equivalent system impedance. A real regional power grid is adopted in the time-domain simulations to further validate the stability boundaries derived from the frequency-domain analysis.
Stability boundaries of vector power control
The stability boundary condition can be derived from the maximum singular value of sensitivity under this situation. The curves for maximum singular values of sensitivity are shown in Fig. 6. 
Ultralow frequency band
The maximum singular values of sensitivity are about 0 and the maximum singular values of complementary sensitivity are about 1 under all SCRs in this band. It is indicated that the performance and robustness of active power control for vector power control are preferable in the ultralow-frequency band (below 1rad/s) under all the SCRs.
Low frequency band
The maximum singular values of sensitivity begin to rise, while the maximum singular values of complementary sensitivity begin to fall in this band which means the robustness of active power control in this range is weakened, but still acceptable. Although the natural oscillation frequency of the wind turbine shaft falls into this band, the values of 11 T keep close to 0dB, which indicates a good capability of tracking the active power reference within this band.
Middle frequency band
In this band, the values of ( ( ) T j s w all reach their peak values, and the peak values increase almost monotonically with the decreasing SCR. When the SCR gets lower than 2.5, the peak value of ( ( )) S j s w gets higher than 2. It's indicated that the performance and robustness of active power control in this frequency scope get worse with the decreased SCR. According to the first item of stability criteria conditions proposed above, the SCR should be larger than 2.5. The high sensitivity under small SCR reveals that the DFIG wind turbine may cause sub-synchronized oscillation of the nearby synchronous generators. It is already known that sub-synchronized resonance may happen in DFIG wind farms connected to the series-compensated transmission line [24] . Based on the analysis above, it can be found that the performance and robustness of vector power control get worse with decreased SCR. Therefore, the stability boundary condition on SCR is 2.5 in this situation.
High frequency band

Stability boundaries of synchronized control
It is from the values of S 22 that the stability boundary Fig. 7 . 22 S for the synchronized control Fig. 6 . Maximum singular value of sensitivity for the vector power control condition can be derived under this situation. So the values of 22 S and the maximum singular values of sensitivity are plotted in Fig. 7 and Fig. 8 respectively. The former one is in the dB form and the latter one is in the normal form.
Ultralow frequency band
In this frequency band, the curves and trends of 11 S ,
12
S , 11 T and 12 T are not obviously different from those of vector power control, which means the performance and robustness of active power under synchronized control differ little with those under vector power control within the band. However, for reactive power control, the value of 22 S does not become lower than 0dB until the SCR decreases to 1.5. The fact that 22 T within this band becomes lower than 0dB means that the reactive power reference within this frequency band is unable to be tracked accurately and quickly. Meanwhile, the oscillation within this frequency band is hard to be mitigated. That can be explained by the reason that the reactive power control is based on reactive power droop without an integral loop. That will cause the transient over-voltage to last comparatively longer after the clearance of grid fault. According to the second item of stability criteria proposed above, the SCR should be smaller than 1.5.
Low frequency band
Within this band, values of 11 S , 12 S and 12 T are still below -20dB and values of 11 T are close to 0dB, so the active power is still controllable under various SCRs. Values of 22 S with SCRs more than 1.5 have all decreased to 0dB. The off-diagonal elements and maximum singular values of S and T matrices all reach their peak values at the frequency of 10 1 rad/s but are far below limit values defined by stability boundaries above. That means the coupling of active power and reactive power around 10 1 rad/s is the most severe but still acceptable.
Middle frequency band
Within this band, the elements of Matrix S are too low to be discussed. Meanwhile, the maximum singular values of Matrix S are far lower than 2. Therefore, the robustness of reactive power control for synchronized control within this band is much better than that of vector power control.
High frequency band
The diagonal elements of Matrix S all tend to 0dB, while the off-diagonal elements of Matrix S and the whole elements of Matrix T all decrease sharply as the frequency increases. It is quite different from the vector power control.
As for active power control, the performance and robustness of synchronized control are much better than those of vector power control under SCR smaller than 5. While for reactive power control, the performance and robustness of synchronized control are worse than those of vector power control in the ultralow frequency band. But they are better in other frequency bands, especially when SCR is smaller than 2.5. Based on the analysis above, the critical SCR of DFIG with synchronized control is 1.5.
However, the stability boundary condition of synchronized control is comparatively vaguer than that of vector power control, because the differences of 11 S among different SCRs in ultralow frequency band are not so obvious. It can be concluded that the performance and robustness of synchronized control are better under weak grids, but worse under strong grids, compared with vector power control
Case Study
The critical SCRs are validated by simulations of an offshore wind farm connected to a real regional power grid in East China as shown in Fig. 9 .
The electromagnetic transient behavior of the whole grid including wind farms is considered in the simulation model. The regional grid consists of 37 nodes with voltage levels at and above 220kV. Before the integration of wind farm, the total generation power of the regional grid is 3310MW, and the total load is 2457MW. The external grid is simplified as an equivalent generator shown in the red circle. There are three thermal plants consisting of five generators in this regional grid. All the synchronous generators are expressed by the classic 6 th order model with the detailed excitation controller, power system stabilizer, and turbine governor. The shafts of synchronous generators are modeled as 6-mass modules. 60% of the loads are set as constant power loads, and the rests are set as constant impedance loads. The simulations are carried out under the full-load condition. The rotor speed is 1800 rpm, and the total active power output at PCC is about 100% of rated power before the grid fault. The simulations are executed via commercial 
Case A
The capacity of the wind farm is 600MW, and the SCR at the wind turbine terminal is 2.5. Vector power control is applied to the DFIG wind farm. A three-phase voltage dip to 20% is imposed on the 220kV bus-bar of the offshore booster station and cleared after 400ms. The simulation results are shown in Fig. 10 . It can be found that after fault clearance, the system is unable to return to the equilibrium point before the fault. The stator voltage of the wind turbine frequently falls below 90%. According to the common protection setting and grid code [25] , that will lead to the frequent triggering of low voltage ride through (LVRT) signal. The wind turbine frequently switches between normal mode and LVRT mode, which gives rise to the fluctuation of the active and reactive power. Consequently, the wind turbine will trip due to the protection scheme. It can be validated critical SCR of DFIG with vector power control is about 2.5.
Case B
The capacity of the wind farm is 900MW, and the SCR at the wind turbine terminal is 1.5. Synchronized control is applied to the DFIG wind farm. A three-phase voltage dip to 30% is imposed on the 220kV bus-bar of the offshore booster station and cleared after 400ms. The simulation results are shown in Fig. 11 . It can be discovered that the wind farm remains stable after fault clearance even with SCR smaller than 1.5. That is due to the reactive power droop loop of synchronized control, which guarantees better voltage stability under the weak grid since the wind turbine works as a voltage source. Meanwhile, the synchronized control can produce higher residual voltage with the same amount of reactive current compared with the vector power control.
The only problem is the temporary transient over voltage immediately after the fault clearance. These phenomena can all be explained by the fact that the DFIG wind turbine with synchronized control works as a voltage source. However, this can also be solved by the optimization of the fault ride through control strategy of the synchronized control.
Case C
The wind farm capacity, SCR and voltage dip are the same with those of case B. Vector power control is applied to the DFIG wind farm. The simulation results are shown in Fig. 12 . It can be found that after fault clearance, the grid voltage is unable to be restored to 90% of the nominal level. During the transient process after the grid fault clearance, there are big fluctuations of active and reactive power. After the transient process, the active power slowly rises, and voltage gradually falls. Finally, the system moves to the saddle point of the PV curve, and the voltage collapses occur 9 seconds after the fault clearance. It can be validated that the DFIG wind turbine with vector power . Fig. 9 . The geographic graph of the regional power grid in East China connected with the offshore wind farm control is not stable in weak grids with SCR smaller than 1.5.
Conclusions
In this paper, the critical SCRs of DFIG wind turbine with vector power and synchronized control are derived from frequency-domain analysis respectively. Time-domain electromagnetic transient simulations are performed to validate the results, where an offshore wind farm is connected to a real regional grid. It is shown that the vector power control is more suitable for strong grids while the synchronized control is more suitable for weak grids. With the critical SCR at hand, the maximum acceptable capacity of wind power at a certain bus can be obtained when the control method is known. Moreover, the control mode can be adapted according to the SCR, i.e., the vector power control can be used when the grid is strong or synchronized control if adopted grid strength falls. An adaptive control strategy combining the advantages of the two control methods will be proposed in our future work.
